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Exercise 111

The Static Partial Equilibrium Model of Consumption-Leisure Tradeoff

1. (No non-labor income) Suppose that utility function » of a
representative agent is « = ¢*°1°°, where ¢ is consumption of physical goods
and / is consumption of leisure. Suppose that there is no non-labor income.
Assume that real wage rate is w=5 and that # =24 hours.

Find the optimal values of ¢, 7, N°, and « under the competitive
equilibrium assumption.

It is sufficient to setup a Lagrangian to solve this problem. In particular,
A =c"1°® —A{c+51-120} is the Lagrangian of the problem. Choice variables

are ¢ and I/, given the partial equilibrium nature of the problem. The
solution procedure requires one to take first-order conditions:

oA _ (0.5)c** % -1 =0

oc

aa_? =(0.5)c**1°** -A5=0

a—A:c+51—120:0

O\

From the first two first-order conditions, we may find that
0.5-170.5

(0.5)6’—121312130251.

(05)c*>** BL ¢ 5

Using this value of ¢ in the third first-order condition implies:

5/+5/=120=1[ =12

Then, ¢" =60, (N*)" =12, and «” = 26.83 is found.

2. (Positive non-labor income) Suppose that utility function « of a
representative agent is u=c"°71"*°, where ¢ is consumption of physical
goods and 7 is consumption of leisure. Suppose that non-labor income is 60.
Assume that real wage rate is w=5 and that # =24 hours.
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(a) Find the optimal values of ¢, /, N°, and « under the competitive
equilibrium assumption.

The only difference between this question and the previous one is the very
existence of non-labor income. Since the nature of the problem is identical,
we will just present the Lagrangian and left the calculations to the student.

The Lagrangian is A=c"1* —A{c+5/-120-60}. You must find the

following values: I =18, ¢ =90, (N*)" =6, and " =40.24.
(b) Repeat the same exercise for non-labor income 120.

When the value of the non-labor income reaches to 120, the consumer
optimization problem yields: 1" =24, ¢" =120, (N*) =0, and «”~ =53.66.
Note that this is a corner solution.

(c) Repeat the same exercise for non-labor income 140. Comment on the
qualitative difference in results between (b) and (c).

When the value of the non-labor income reaches to 140, consumer
optimization yields: " =26. However, this is NOT possible. The source of
this misleading result is that we have one more additional constraint in the
problem, which is /<. Since we ignore this constraint (as it is not binding
in general), we end up with this misleading result (you must look at Kuhn-
Tucker conditions to understand what | mean). What we need to do is to
limit 7 at 24: Hence, I" =24, ¢ =140, (N*) =0, and »~ =57.96.

3. (Proportional labor income tax) Suppose that utility function » of a
representative agent is u=c"1"%°, where ¢ is consumption of physical
goods and 7 is consumption of leisure. Suppose that non-labor income is 50.
Assume that real wage rate is w=5 and that # =24 hours. Suppose that the
government decides to impose wage-income tax. In particular, the wage tax
rate becomes  =0.20.

(@) Find the optimal values of ¢, /, N°, and « under the competitive
equilibrium assumption before and after wage income taxation.

Before the tax:
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A =c1%° —{c+51-170}

‘2—A = (0.5)c** % —1 =0
C

‘2—? = (0.5)c**1*** —A5=0

Z—i=c+5z—170=0

From the first two first-order conditions, we may find that
0.5-170.5

(OS)C—ZZADLZEDCZSI

(0.5)c*>*** 5L ¢ 5

Using this value of ¢ in the third first-order condition implies:

5/+5/=170= [ =17

Then, ¢ =85, (N*) =7, and «" =38.01 is found.

After the tax:
A=c"1%° —{c+(1-0.2)5/ — (1-0.2)120 + 50}
Z—A =(0.5)c** ™M -1 =0
C
‘2—? =(0.5)c****t —A4=0
oA

—=c+4/-146=0
oL

From the first two first-order conditions, we may find that
0.5-170.5

(O.S)C—Z:Ljizlj c=4].

(0.5)c®%%%t  4n "¢ 4

Using this value of ¢ in the third first-order condition implies:

41 +4] =146 = " =18.25

Then, ¢" =73, (N*) =5.75, and «" =36.5 is found.

(b) Disaggregate the total effect of taxation into substitution and income
effects.

In order to understand how we disaggregate substitution effect from income
effect, we may draw the following figure.
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90

In the figure, after wage taxation, the slope of the budget constraint
becomes flatter. We have already found above the optimum values of ¢ and
[ for the before-tax and after-tax cases. The upper red line is drawn
artificially. This line allows us to disaggregate the substitution effect from
the income effect. Since the slope of the indifference curve is equal to the
red line at this artificial point, we may construct the following artificial
optimization problem (for an unknown income):

Artificial Problem:
A =c1%° —A{c+(1-0.2)5 — Income}
OA

— = (0.5)c** % — 3, =0
C

‘2—? = (0.5)c*%°* — 34 =0

a—A=c+4l—lnc0me:O
oA
From the first two first-order conditions, we may find that
0.5-170.5
(O'S)C—Z=L:>£=1:> c=4].
(05)c®%* 4r ¢ 4
In addition to this, we know that utility is same everywhere on the original
indifference curve. Then it must be true that

38.01=c*°/%°,
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Hence, we have two equations and two unknowns. The solution of this
problem implies: " =19 and ¢” =76. Obviously, due to pure income effect,
both ¢ and 7 decrease and hence we find /" =18.25 and ¢ =73.

4. (Production technology) Suppose the Y = zK®IN©7,

(a) Derive the equation for the marginal product of capital (MPPy).

MPP, =(0.3)zK ®¥7L®7 = (0.3)zK *" " = (0.3)zk 7

(b) Derive the equation for the marginal product of labor (MPPy).

MPP, = (0.7)zK YL = (0.7)zK ¥ LY = (0.7)zk*?

(c) Suppose z = 3, K =10, L = 20. Solve for MPPyx and MPPy.

MPP, =(0.3)(3)(0.5)"*" =1.462

MPP, = (0.7)(3)(0.5)Y =1.70

5. (Cost function) Consider the following production function: Y = AN®,
where N is labor input, Y is output, 4>0 and 0<a<1I. Let W denote the price
per unit of N.

(a) Determine whether this production function features constant,
increasing or decreasing returns to scale.

Since A(AN)* =" AN* =A*(Y) < A(Y), this function features decreasing

returns to scale.

(b) Show that this firm makes positive profits.
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Since profit of this firm is M= AN* —-wN , we need to first determine labor
demand. For this, it is sufficient to take first-order profit maximization
condition of it. In particular,

1/(1-a)
M AN = 0= AN == N =(%J .
ON w

If we substitute this result in the profit equation:

od (a-1)/(1-a) od 1/(1-a)
= AN® —wN = (AN** —w)N =TT = {A(—j - w](—J =
w w

1/(1-a) 1(i-a) e
Il = (K — WJ(%J = II= (1 _1Jw(%j = JI= (1_ a)(ﬁj (A)ll(l—a) .
o w o W ”

Notably, profit is always positive as neither w nor a and 4 can be zero.
You may note that the function becomes CRTS for o =1.

(c) Calculate and graph the Total, Average and Marginal Cost functions
associated with this production technology (graph the Total Cost
function separately from the Average and Marginal Cost functions).

Note that Y = AN* = N = (Y/ 4)"“. Since total costis TC=w - N, it is easy to
show that TC =w - (Y1 A)Y*, AC=w - A)"*(¥)**'*, and
MC =W -1l a)/ A)"* (7)== Graphing these functions is straightforward.

Hint: Decreasing-returns-to-scale (DRTS) implies homogeneity of degree

greater than one in total cost function.

5. (Zero Profits) Consider the following production function: Yy = K“N**,
where Y is output, K is capital, and N is labor. Show that profits are zero.

Since profit of this firm is 1= K*N** —wN —rK , we may first determine the
wage rate and the interest rate and may next show that profit is zero. Do it
yourself!



